We present an explicit and exact boost of a relativistic bound state defined at equal time of the constituents in the Born approximation (lowest order in ). To this end, we construct the Poincaré generators of QED and QCD in D = 1 + 1 dimensions, using Gauss' law to express A 0 in terms of the fermion fields in A 1 = 0 gauge. We determine the fermion-antifermion bound states in the Born approximation as eigenstates of the time and space translation generators P 0 and P 1 . The boost operator is combined with a gauge transformation so as to maintain the gauge condition A 1 = 0 in the new frame. We verify that the boosted state remains an eigenstate of P 0 and P 1 with appropriately transformed eigenvalues and determine the transformation law of the equal-time, relativistic wave function. The shape of the wave function is independent of the CM momentum when expressed in terms of a variable which is quadratically related to the distance x between the fermions. As a consequence, the Lorentz contraction of the wave function is ∝ 1/(E − V (x)) and thus depends on x via the linear potential V (x).
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I. INTRODUCTION
Physical gauge field theories are Poincaré invariant, i.e., their action is symmetric under space-time translations, rotations and boosts. In a Hamiltonian treatment the quantization surface is, however, not left invariant by all 10 Poincaré generators. An equal-time (t = 0) surface is invariant under space translations and rotations, which allows to construct explicit and exact eigenstates of the 3-momentum P and angular momentum J operators: These symmetries are "kinematic". Time translations and boosts on the other hand transform the equal-time surface. Those symmetries are termed "dynamic" and in practice cannot be implemented exactly [1] . Thus the eigenstates of the time translation operator P 0 = H (the Hamiltonian) can usually be found only in some approximation. Similarly, the boost operators are dynamic operators, which create and destroy particles.
The gauge coupling α is a free parameter of the Lagrangian. This ensures the Poincaré invariance of each order of a perturbative expansion of the S matrix. In a time-ordered expansion boost invariance is obtained only after summing over all states at any intermediate time (at the given order of α). Relativistic bound states have an infinite number of Fock components. Consequently their equal-time wave functions (which contain all powers of α) transform in a highly non-trivial way under boosts. In practice, no explicit, exact relation between the wave functions of relativistic states in different frames can be found: Boosting an equal-time state is as difficult as finding the eigenstates of the Hamiltonian directly in the new frame.
At the lowest order in α scattering amplitudes are given by tree diagrams, whose internal propagators are off-shell. These Born amplitudes are independent of the iε prescription used in the propagators. For retarded propagators S R (p 0 , p), with poles at p 0 = ± p 2 + m 2 − iε, intermediate states of both positive and negative energy move forward in time: S R (t, p) ∝ θ(t). The absence of backward propagation ("Z" diagrams) avoids intermediate pairs and thus simplifies time ordering, without changing the actual values of the scattering amplitudes in the Born approximation.
Analogously, the bound state energies of an electron in a static external Coulomb potential are (at tree-level) independent of the iε prescription used in the electron propagator. In order to determine the equal-time Fock structure of the bound states, i.e., the wave function of the electron, one needs to time-order the propagators. The time-ordering of Feynman propagators gives a wave function with any number of e + e − pair components, which arise from Z diagrams. Using retarded propagators there are no Z-contributions and one obtains the standard Dirac wave function describing a single particle with both positive and negative energy components. Remarkably, the same relativistic bound state can thus, at Born level, be equivalently described using two quite different wave functions [2] . The iε-prescription invariance ensures that the bound state energies are independent of the choice of wave function.
The possibility to describe relativistic bound states, which have an infinite sea of constituents, using few-particle "valence" wave functions reopens the issue of explicit Poincaré covariance. Since is a fundamental parameter of the Lagrangian each order in an expansion, and in particular the Born term, will have exact Poincaré invariance [3] . In the present paper we discuss cases where the wave functions of relativistic bound states in different frames can thus be related explicitly.
The Dirac bound states mentioned above are not translation invariant due to the external potential. We need to consider freely moving bound states formed by the interaction between two (or more) particles, such as QED atoms. The equal-time wave function of an atom in motion was considered in [4] . In the rest frame, and at lowest order in α (and ) the interaction is given by the standard Coulomb potential V (r) = −α/r. Since atoms are non-relativistic the Z diagrams are suppressed also for Feynman propagators. After a boost, however, the interaction (in Coulomb gauge) acquires also a propagating, transverse photon component. Thus, in a moving positronium atom |e + e − γ Fock states must be included even at lowest order in α. Adding relativistic corrections will increase the number of Fock states, further complicating the transformation of atomic wave functions under boosts.
An explicit transformation law for relativistic states can be found for QED and QCD in D = 1 + 1 dimensions. Since there are no transverse photons the interaction is fully given by the instantaneous (non-propagating) A 0 field in Coulomb gauge. We derive below the Poincaré algebra for QED starting from the non-local fermionic action, which is obtained by eliminating the A 0 field. This demonstrates that only interactions via a linear potential between the fermions, as stipulated by QED, lead to a Poincaré-covariant theory. The fact that the Lorentz boost operator must involve a gauge transformation in order to keep the Coulomb gauge condition satisfied in the boost is also illustrated. We show how (Born level) two-body eigenstates of the translation generators P 0 and P 1 may be found in QED, making use of retarded propagation in analogy to the Dirac case mentioned above [2] . We then apply the boost generator to obtain the bound state in another frame. The boosted state remains an eigenstate of P 0 and P 1 , with appropriately transformed eigenvalues. The rate of Lorentz contraction of the wave function turns out to depend on the linear potential V (x) and thus on the distance x between the constituents. The boost covariance of bound states of two fermions interacting via a linear potential has been noticed before as a property of their bound state equation [7] . Here we present the derivation from first principles, by identifying the system with a relativistic two-fermion bound state of 1+1 dimensional QED (or QCD) in the Born approximation.
The rest of the paper is organized as follows. In Sect. II we discuss the Poincaré algebra for 1+1 dimensional QED in Coulomb gauge after integrating out the gauge bosons, in Sect. III we present the corresponding bound state equation, in Sect. IV we analyze the behavior of the bound-state wave function under boosts, and in Sect. V we conclude the paper. Appendix A contains details on the derivation of the generators of the Poincaré algebra from Sect. II, and in App. B we present the generalization to QCD, i.e., to non-Abelian gauge groups.
II. POINCARÉ GENERATORS OF QED2
We shall work in Coulomb gauge (here equivalent to A 1 = 0) in order to avoid Fock states with longitudinal photons. The QED action in D = 1 + 1 for fermions of flavor f is then
The equation of motion for A 0 (Gauss' law),
allows to express A 0 in terms of the fermion fields,
in the absence of a background field [5] . Using this in the action (2.1) gives the non-local expression
Since no approximations have been made this action must be invariant under time and space translations as well as boosts, generated by the operators P 0 , P 1 and M 01 , respectively. Let us review the derivation of the Poincaré generators for the non-local action (2.4), adapting the standard procedures (see, e.g., Sect. 7.3 in [6] ).
Consider the infinitesimal space translation 5) where the a priori arbitrary function ǫ(x 0 ) will be a constant for a true translation. The variation of the free fermion action is
where / ∂ in the first term operates both on ǫ(x 0 ) and the fermion field. As seen by integrating the last term partially over x 1 , all terms except the one where / ∂ differentiates ǫ(x 0 ) cancel. Thus
The transformation of the potential term S V can be canceled by a shift of integration variables
dℓ, since the δ-function sets x 0 = y 0 and the potential |x 1 − y 1 | as well as ǫ(x 0 ) are unchanged by the shift. Therefore δS V = 0 and the variation of the action becomes
where we identified the generator for spatial translations
Setting ǫ(x 0 ) ≡ 1 the generic transformation (2.5) becomes a standard space translation and the variation (2.8) vanishes, which proves the covariance of the QED action under space translations.
Let us then assume that the fermion fields satisfy their equation of motion. Since the variation of the action vanishes under every infinitesimal transformation of ψ(x), the variation (2.8) now vanishes for any function ǫ(x 0 ). Therefore,
Since ǫ(x 0 ) was arbitrary we conclude that P 1 is conserved,
when ψ(x) satisfies its equation of motion. The analogous derivations of the time translation P 0 and boost generator M 01 are given in Appendix A. Since the gauge constraint A 1 = 0 is not invariant under boosts M 01 is actually a combination of a Lorentz boost and a gauge
(2.12)
Let us then check that these generators satisfy the D = 1 + 1 Poincaré Lie algebra. Using the anticommutation relation
it is straightforward to verify that the free generators P 0 F , P 1 , and M
01
F indeed satisfy
among themselves. It is also easy to see that P 0 , P 1 = 0 holds when the interactions are included since P 0 V in (2.12) is invariant under space translations.
Of the three contributions to P 0 , M 01 that involve interactions the term P 
V involve neither derivatives nor Dirac matrices. The two other terms
In the third Lie algebra relation
ensures P 1 , M 01 = iP 0 with interacting generators. Note that the generator algebra (2.15) is satisfied only for the linear potential specified by QED 2 .
III. TWO-BODY BOUND STATES IN QED2
As mentioned in the Introduction and further explained in [2] , a relativistic gauge theory bound state may be described by valence-like Dirac-type wave functions provided instantaneous Coulomb exchange dominates and one uses retarded propagators. At the Born level (lowest order in ) the bound state energies will agree with the result using Feynman propagators, even though the wave functions obtained with the two types of propagator are very different.
In QED 2 Coulomb interaction is ensured by the gauge condition A 1 = 0. Retarded propagation for fermions is achieved using the "retarded" vacuum (which is equivalent to removing the Dirac sea)
where the product is over antifermion creation operators of all momenta p 1 and N is a normalization factor. The Pauli exclusion principle implies
for all x. This ensures retarded propagation, R 0|T ψ(x)ψ(0) |0 R ∝ θ(x 0 ), and forbids intermediate pairs. The unusual "vacuum" |0 R should be understood as a method of selecting terms that contribute at lowest order in . For perturbative loop corrections the boundary condition needs to be adjusted correspondingly to allow single or multiple pair production.
We define our fermion-antifermion bound states of energy E and momentum k by
Since we are working at Born level we may assume the fermion flavors f = 1, 2 to be distinct. The boundary condition corresponding to (3.2) in the case of two flavors is taken to be
In (3.3) the space coordinate of fermion j is denoted x j ≡ x 1 j (j = 1, 2), and the state is defined at equal time, x 0 j = 0. The wave function is the product of a plane wave in the CM position coordinate
iϕ(x) of the relative coordinate x ≡ x 1 − x 2 . As we shall see below, the extraction of the phase ϕ(x) makes the transformation of the wave function Φ(x) under boosts, i.e., its k dependence, more easily tractable. The phase is defined by
where ε(x) ≡ x/|x| is the sign function. The standard boost parameter of the bound state (of rest mass M ) is denoted ξ,
whereas ζ is defined by
and depends on the relative coordinate x through the linear QED 2 potential
The x-dependent "momentum" p appearing in (3.7),
is obtained by a ζ-boost from the rest frame,
and ξ + ζ = 0 at x = 0. The parameter ζ in (3.7), and consequently the phase ϕ(x), are, however, well-defined only for p 2 > 0. Therefore, we shall here restrict to the region near the origin, with |x| < 2(E − |k|)/e 2 , where p 2 remains positive. This range covers the whole wave function in the weak coupling limit e → 0. Notice also that this is only a restriction of the "covariant" formulation involving the variable ζ and the particular choice of the phase ϕ(x) in (3.5), whereas the Poincaré algebra defines the bound state equation and the transformation of the wave function for all values of the coordinates.
In D = 1 + 1 dimensions we may represent the Dirac matrices in terms of the Pauli matrices as
Applying the space translation generator (2.9) we may verify that the state (3.3) has total momentum k,
Using (2.12) the energy eigenvalue condition P 0 |E, k = E |E, k gives a bound state equation for the wave function Φ(x),
where the x-derivative of ϕ(x) at constant k is given by (3.5) as
In terms of p, the bound state equation can be written as
We wish to ascertain that the bound state energy has the correct k dependence,
There is no previous experience (except [7] ) of how the wave function Φ should depend on k.
Since Φ is a 2 × 2 matrix it has four independent components, which may be taken to be the coefficients of the unit and Pauli matrices,
As Φ 2 and Φ 3 do not contribute to the derivative i∂ x {σ 1 , Φ} in the bound state equation, these two components can be expressed in terms of φ. We find
The bound state equation can be expressed in a frame-independent way by introducing the new variable
where M ≡ √ E 2 − k 2 is the rest mass of the bound state. Then (3.15) implies
Equivalently, the bound state condition for the components Φ 0 and Φ 1 of the wave function are
The conditions (3.20) and (3.21) are independent of the CM momentum k since according to (3.19) p 2 is k independent at fixed s and rest mass M . This means that Φ 0 (s) and Φ 1 (s), and hence also φ(s), are the same functions of s in all reference frames. According to (3.10) and (3.18) the full wave function Φ(s) of a bound state with momentum k is given by the rest frame (k = 0) wave function Φ (k=0) (s) as
possibly up to an s-independent factor. The boost parameter ζ is given in (3.7) . The relation between s and x is k dependent and thus different for Φ(s) and Φ (k=0) (s). As seen from (3.19) the bound state equation (3.13) gives the correct dependence between energy and momentum, E = √ k 2 + M 2 , only for the linear potential of QED 2 . This is ensured by the Lorentz invariance of the QED action and the expansion in . The frame independence of the wave function, when expressed as a function of s, was first observed in [7] . It implies that the Lorentz contraction of the bound state is x dependent: dx/ds = 2/(E − V (x)). Non-relativistic wave functions (V ≪ E) transform globally, with a 1/E contraction [8] .
IV. BOOST COVARIANCE OF THE WAVE FUNCTION
In the previous section we found that the dependence on the CM momentum k of the solutions to the bound state equation (3.13) are related as in (3.22) (up to an x-independent factor). We shall now demonstrate that this relation is consistent with a direct boost of the bound states, using the generator M 01 derived in Sect. II. The sign convention of the Lie algebra (2.15) implies that the state |E + dξk, k + dξE of 2-momentum Λk, corresponding to the infinitesimal boost defined by (A8), is generated by −idξM 01 ,
From its definition (3.3) the k dependence of the wave function Φ(x) at constant x ≡ x 1 − x 2 is thus given by the boost operator through
where the k dependence of ϕ(x) at constant x is obtained from (3.5),
Using the representation (2.13) of M 01 we find (with ∂ j ≡ ∂/∂x j )
The coefficient of 1 2 (x 1 + x 2 ) on the next-to-last line equals −EΦ by the bound state equation (3.13). Hence it cancels against the corresponding term on the rhs. of (4.2). The remaining terms specify the k dependence of the wave function (at fixed x) implied by the boost operator,
where the derivatives of the phase ϕ(x) are given by (3.14) and (4.3). The result (4.5), however, actually holds independently of the definition of ϕ(x) and therefore defines the transformation of the wave function for all x (not only for p 2 > 0) once the phase is defined properly. As we saw in the previous section, the wave function has the simple frame dependence (3.22) when the variable s (3.19) rather than x is held fixed. With s fixed,
According to (4.1) the boosted state is an eigenstate of P µ . As a consequence, its wave function has the form (3.18), and it suffices to verify the k independence of φ = 1 2 σ 1 {σ 1 , Φ} suggested by (3.20) . Taking the anticommutator of (4.6) with σ 1 eliminates the terms with [σ 1 , Φ] in (4.5), giving
where the vanishing of the rhs. may be verified using (3.20) and
The frame independence of φ(s) establishes the k-dependence of the wave function Φ given by (3.22).
V. DISCUSSION
We have studied the frame dependence of e − µ + QED bound states in D = 1 + 1 dimensions. To our knowledge this is the first demonstration of an explicit and exact boost of a relativistic bound state defined at equal time of the constituents. Two essential conditions had to be fulfilled in order to make this possible. Firstly, we work in the Born approximation (no loops). The dynamics is then insensitive to the iε prescription of the fermion propagators. With a prescription giving retarded propagation, where both positive and negative energy fermions move forward in time, it is possible to avoid "spurious" pair production due to Z-diagrams. 4 True pair production is also suppressed due to the absence of loops. Secondly, the interaction had to be instantaneous in time (Coulombic), to avoid Fock states with any number of propagating photons. We ensured this by working in Coulomb gauge (A 1 = 0) and in D = 1 + 1 dimensions. Gauss' law allows to express A 0 in terms of the fermion fields as in (2.3), so that the dynamics can be expressed solely in terms of the fermion fields.
The fact that the Poincaré generators (2.9), (2.12) and (2.13) satisfy the Lie algebra (2.15) implies that the boosted state remains an eigenstate of the Hamiltonian with appropriately modified energy and CM momentum. The frame dependence (3.22) of the wave function, first noted in [7] , is remarkably simple yet enigmatic. The underlying reason for the emergence of the invariant length s(x), defined by (3.19), is not clear from our derivation. The dependence on the kinetic energy E − V (x) ∼ i∂ 0 − eA 0 nevertheless seems natural in a gauge theory framework. Further studies are required to extend this simple formulation for boosting the wave function to cover the cases where the square of the "momentum" p in (3.9) is negative or zero, and hence to all values of the coordinate x.
Understanding the frame dependence of bound states is essential in studies of scattering amplitudes with bound states as external particles. The usefulness of the present approach will depend on its applicability to more physical systems, the relevance of the Born approximation and the possibility to calculate loop corrections. In Appendix B we discuss the Poincaré generators of QCD 2 . The non-abelian gauge invariance brings some new features, but the formulation of QCD bound states and their frame dependence is similar to the abelian case [2] .
It is obviously more challenging to generalize the present approach to QCD bound states in D = 3+1 dimensions. In order to avoid Fock states with any number of propagating transverse gluons the interaction should, in all frames, be dominated by instantaneous Coulomb exchange. The linear potential of QCD 2 was moreover essential for the closure of the Lie algebra in the non-local formulation involving only quark fields. It appears possible to apply the methods presented above also in D = 3 + 1 dimensions by imposing a non-vanishing boundary condition on the solution of Gauss' law for A 0 . This gives rise to a linear instantaneous potential in all frames, which is of O (g) in the coupling and thus leading compared to the O g 2 transverse gluon exchange [2] . The frame dependence of the wave function turns out to be similar to the D = 1 + 1 case when the quark positions are aligned with the CM momentum [7] . The other configurations of the wave function may then be solved numerically using the bound state equation.
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Appendix A: Poincaré generators
The derivation of the generators of time translations P 0 and boosts M 01 is analogous to that of the space translation generator P 1 and is given below. We assume a single flavour f for simplicity of notation.
The generator P 0 of time translations
In a generic time translation the fermion field transforms as
and the variation of the free fermion action (2.4) becomes
Integrating the last term partially over x 0 we find a contribution due to the dependence of ǫ on x 0 ,
The variation of S V can be written as
A partial integration gives
Collecting the results,
where P 0 is the Hamiltonian
The covariance of the action and the conservation of P 0 follow as for space translations in the main text.
The boost generator M
01
An infinitesimal boost in the x 1 -direction which transforms the coordinates as
also generates an A 1 component of the gauge field:
. In order to stay in the A 1 = 0 gauge we need to follow up with a gauge transformation
with
where A 0 was taken from (2.3). This gives
Combined with the standard boost transformation we have then
We can decompose this into boost, spin, and gauge transformations, defined as
Since S F in (2.4) is explicitly Lorentz covariant we expect that its combined boost and spin transformation only involves terms with ǫ ′ (x 0 ). A straightforward calculation gives
The variation under the gauge transformation (A15) is
where the first (second) term arises from the spatial (time) derivative of θ(x) in (A11). The contribution involving ǫ ′ (x 0 ) vanishes due to the antisymmetry of the integrand under x ↔ y.
5
The fields in the potential term S V of (2.4) appear in the gauge invariant combination ψ † (x)ψ(x). Thus
The spin transformation becomes
after using the symmetry of the integration measure under x ↔ y. In the boost transformation we notice that since initially x 0 = y 0 in S V , the shift of the space coordinate is the same for all fields, and can be absorbed into a shift dξx 0 of the integration variables x 1 , y 1 similarly as in the treatment of the space translations. The remaining contribution from the transformation of the time coordinates can be expressed as
where the latter expression was obtained by partial integration. Adding up the various contributions, only terms involving the derivative of ǫ(x 0 ) survive:
where, using again the x ↔ y symmetry of the integration measure in the potential term,
In terms of the momentum densities
the boost density has the expected form,
The free parts of the QCD generators (
F ) are the same as the corresponding QED generators given in (2.9), (2.12) and (2.13), when a sum over the quark color indices is understood. The QCD interaction terms are
The boost operator M 01 is again a combination of a boost and a gauge transformation (A9) which ensures that A 1 a = 0 after the boost. The gauge parameter corresponding to (A11) is
The Poincaré Lie algebra (2.15) works out as in QED, with one exception. Due to the color generators T a in P 0 V and M
01
V these two terms do not commute in QCD. Hence the Lie algebra does not close, as already observed in [10] . In the shorthand
we have
where a sum over repeated color indices is understood. Since all operators are evaluated at a common time we here and in the following denote x ≡ x 1 , etc. We then find 
In obtaining the final expression we made repeated use of the fact that commutators like (B7) vanish when multiplied by x − y. The non-closure of the Lie algebra is related to the gauge transformation embedded in M 01 , which implies that operators occurring before the boost are in a different gauge compared to those occurring after the boost. If we consider the commutation relation of the group elements rather than the generators we have exp(−idt P Here new and old refer to the operators after and before the gauge transformation 6 , i.e., f abc dxdydu φ a (x)φ b (y)φ c (u)(u − x)(u − y)(x − y) (B11) 6 The gauge dependence refers only to the interaction terms P 0 V and M 01 V . The free parts of the generators satisfy the Lie algebra as in QED.
According to (B8) this term cancels against dt dξ P 0 V , M 01 V in the commutator (B9) of the group elements, giving the pure translation already indicated in (B9).
The generalization of the QED bound states considered in this paper to those of QCD is straightforward, and is unaffected by the contribution (B8). In analogy to (3.3) for QED we define a color-singlet meson state by |E, k ≡ A,B dx 1 dx 2 exp 1 2 ik(x 1 + x 2 ) + iϕ(x 1 − x 2 ) ψ 1A (0, x 1 )δ AB Φ(x 1 − x 2 )ψ 2B (0, x 2 ) |0 R .
Requiring this to be an eigenstate of the QCD Hamiltonian gives the bound state condition (3.13) on the wave function Φ(x). The potential generated by P 0 V in (B3),
includes the expected color coefficient C F = (N 2 − 1)/2N . The contribution (B8) to P 0 , M 01 − iP 1 annihilates on the bound state (B12), ensuring that the frame dependence of the wave function is the same as in QED. This is consistent with the observation of [10] that the mismatch of the Lie algebra in (B8) is proportional to the charge operator.
